A specific property of a planar tunnel junction with thin-film diffusive plates and long enough leads, typical for most of practical situations, is essential enhancement of its transmission coefficient compared to the bare transparency of the tunnel barrier [1, 2] . In voltage-biased junctions, this creates favorable conditions for strong nonequilibrium of quasiparticles in the junction plates and leads, produced by multiparticle tunneling. We study theoretically the interplay between the nonequilibrium and relaxation processes in such junctions and found that nonequilibrium in the leads noticeably modifies the current-voltage characteristic at eV > 2∆, especially the excess current, whereas strong diffusive relaxation restores the result of the classical tunnel model. At eV ≤ 2∆, diffusive relaxation decreases the peaks of the multiparticle currents. Inelastic relaxation in the junction plates essentially suppresses the n-particle currents (n > 2) by the factor n for odd and n/2 for even n. The results may be important for the problem of decoherence in Josephsonjunction based superconducting qubits.
Introduction
Mesoscopic-size superconducting tunnel structures have become increasingly important devices in applications ranging from medical and astrophysical sensors to quantum computing due to its minimal dissipation at low temperatures. This dissipation is often parameterized by the subgap conductance in parallel with an ideal tunnel element. The reason for this conductance is the quasiparticle current at voltages smaller than the superconducting gap, eV < ∆. The main mechanism of charge transport in these conditions is the multiparticle tunneling (MPT) [3] or, equivalently, coherent multiple Andreev reflections (MAR) of quasiparticles from the superconducting electrodes [4, 5] . In experiments, this process manifests itself by current steps at the voltages eV = 2∆/n (n = 1, 2, . . .), which form the subharmonic gap structure (SGS) of the current-voltage characteristics (CVC). In the ballistic regime, the relation between the heights of the CVC consecutive steps is D/2, where D is the transparency coefficient of the tunnel barrier [6, 7] . This relation is performed relatively well for the point atomicsize contacts [8] , but in mesoscopic tunnel junctions (see. Figure 1 ) it turns out to be much larger which results in abnormally large subgap conductance [9] and thus excess dissipation. It may be a source of energy relaxation in superconducting qubits [10, 11, 12, 13] and in tunable resonators [14, 15, 16] . In single-electron turnstiles, this leakage may limit the ultimate accuracy of a future current standard [17] . It can also serve as a limitation of the performance of microcoolers, based on hybrid superconducting tunnel structures [18, 19, 20, 21, 22] . It is therefore important to study the mechanisms of subgap electron transport in mesoscopicsize superconducting tunnel structures.
For a long time, the common explanation for the enhanced SGS in mesoscopic junctions was the reference to the imperfect tunnel barrier or to possible presence of resonant levels or pinholes providing increased transparency [5, 23, 24] . This explanation was indeed found to be valid for high-transmission junctions [25] . However, for low-transmission junctions with good insulating layers it is not the case. The recent experiments of Greibe et al. [26] on Al/ AlO x / Al junctions rule out pinholes as the origin of the excess current. In our previous papers [1, 2] we have suggested a mechanisms of abnormally large subgap current, alternative to the "pinhole" explanation. It takes in consideration the effect of scattering of charge carriers in the diffusive banks of the junction, which results in an effective increase of the tunnel barrier transparency. The resulting physical picture is as follows: the tunneling processes induce the local nonzero density of states inside the bulk energy gap in the vicinity of the tunnel junction. This allows quasiparticles to overcome the energy gap at eV < 2∆ in several steps, by repeated bouncing between the junction electrodes, i.e. by MAR processes. The subgap current is calculated by considering an effective circuit theory network representing the tunneling process. However, we have neglected the quasiparticles nonequilibrium in the junction leads, as well as the energy relaxation of the subgap quasiparticles which may essentially modify the results of [1, 2] . In this paper we study different aspects of such nonequilibrium and relaxation effects.
The paper is organized as follows. We start with description of our junction model, basic equations and adopted approximations in section 2, which is basically the summary of our papers [1, 2] . In section 3 we study the effect of strong nonequilibrium of quasiparticles in the leads, produced by MPT; this section includes also the calculation of the excess current and the peaks of multiparticle currents. The effect of quasiparticle relaxation is evaluated in section 4. At eV > ∆ strong diffusive relaxation restores the result of the classical tunnel model for the excess current and the CVC shape; at eV ≤ 2∆, it decreases the peak values of the multiparticle currents. A strong inelastic relaxation in the junction leads essentially suppresses the n-particle currents by the factor n for odd and n/2 for even n. We summarize the results in section 5.
Model and basic equations
In this paper we consider a planar superconductor-insulatorsuperconductor (SIS) junction sketched in Figure 1 . It consists of an insulating layer with the transparency D (shown with thick black line) attached to bulk superconducting electrodes via two superconducting leads of the length L and thickness d (this is a typical configuration common to many physical applications). We emphasize that such situation is very different from the point-contact structure in which the tunnel barrier is directly connected to the massive equilibrium electrodes (reservoirs); in our case, the barrier is surrounded by the segments of the thin-film superconducting electrodes (referred to below as "plates", similarly to a capacitor plates), in which both the spectral characteristics and quasiparticle population may be far from their equilibrium values.
We consider a diffusive limit, in which the elastic scattering length ℓ is much smaller than the coherence length ξ 0 = D/2∆, where D is the quasiparticle diffusion coefficient (we assumeh = k B = 1). We assume the thickness d to be much smaller than the Josephson penetration depth which implies homogeneity of the current along the junction, and the length L of the leads to be much larger than ξ 0 but smaller than the inelastic scattering length ℓ ε (in the opposite case, L > ℓ ε , the latter will qualitatively play the role of L in equations below). Under these conditions, it is possible to reduce the electron transport equations in this essentially 2D case to the 1D problem by formulating effective boundary conditions at the junction following the method suggested by Volkov [27] and used in our previous works [1, 2] . Planar SIS junctions were also considered in [28] .
In this section we briefly review the key points of our approach [1, 2] used in this paper. The theory is based on the equations of nonequilibrium superconductivity, [Ȟ,Ǧ] = iD∇[Ǧ∇Ǧ], for the 4 × 4 matrix two-time Green's functioň G(r,t 1 ,t 2 ) in the diffusive environment of the barrier described by the HamiltonianȞ [29, 30] , with the boundary conditions of local equilibrium in bulk superconducting electrodes far from the contact. The analytical solutions of this equation can be constructed in the adiabatic limit of small applied voltage eV ≪ ∆ [31] . At larger voltages eV ∼ ∆, due to complicated mathematical structure of this equation, its solution can be obtained only by means of numerical or approximate methods. In the most important case of weakly transparent barrier (tunnel regime), we have restricted our consideration by the model approach in which only zero harmonic (i.e., the average time value) of the functionǦ is taken into account, since its higher harmonics with numbers m = 1, 2, . . . decrease as D m [1, 2] . In fact, such approach can be considered as an attempt to describe, at least qualitatively, the coherent MAR in terms of the local density of states and the distribution function, more typical for the incoherent MAR regime. In this approximation, the dc quasiparticle current is expressed through the following integral over the energy E
Here R is the junction resistance, N k = N(E k ) is quasiparticle density of states in the junction area, normalized to its value in the normal metal,
where n F (E) is the equilibrium Fermi function, R N is the resistance of the junction leads in the normal state, and Θ(x) is the Heaviside step function.
Equations (1)- (3) have a clear interpretation in terms of an equivalent infinite electric circuit in the energy space with a period eV ( Figure 2 ). According to (1), the current spectral density is the sum of the partial currents flowing through the chain of the tunnel "resistors" ρ k which connect adjacent chain nodes with the effective "potentials" n k . At |E| > ∆, the nodes are connected to the distributed "voltage source" n F (E) through the lead "resistors" r k ; from this viewpoint, the recurrence relation (3) has the meaning of the Kirchhoff rules for partial currents. We note that due to full Andreev reflection, the nodes inside the gap (|E k | < ∆) are disconnected from the equilibrium voltage source (bulk electrodes), therefore the subgap quasiparticle population is highly nonequilibrium, and all the currents through the subgap tunnel resistors are equal.
Since R N is usually smaller than R, we have neglected in [1, 2] the resistors r which implies equilibrium population in the junction leads. In this approximation, the current I(V ) and the subgap distribution function n(E) at arbitrary temperatures read
where j ∆ (E) = (n − − n + )/ρ ∆ is the spectral density of the current flowing through the chain of resistors crossing the gap (shortly -"subgap resistors"), n ± = n F (E ± eV N ± (E)) are the Fermi functions, the integers ±N ± (E) = ±{Int [(∆ ∓ E)/eV] + 1} are the indexes of the nodes outside the gap nearest to its edges, Int(x) is the integer part of x, and
are the net subgap resistance and the resistance of the subgap MAR chain at the right side of the resistor ρ 0 ≡ ρ(E). The second term in (4) is the current of thermally excited quasiparticles, and the first term is the current flowing through the subgap resistors; their number, N + + N − , gives the value of electric charge (in units of e) transferred during one multiparticle tunneling event. Thus, the chain with one resistor crossing the gap (which is possible only at eV > 2∆) describes the single-particle tunneling, and the first term in (4) is reduced to the standard result of the tunnel model [32] ,
As the voltage decreases, the number of the subgap resistors increases, which manifests emergence of multiparticle processes; for example, Figure 2 illustrates the 3-particle current. In this case, some nodes get into the subgap region where the BCS density of states is zero, which leads to divergence of the subgap tunnel resistance ρ ∆ and, correspondingly, to disappearance of the subgap current. Thus, in order to calculate the latter, one has to find tunnel corrections to N(E) = Re cosh θ using the recurrence relation for the spectral angle θ (E) derived in [2] 
where θ s (E) = arctanh(∆/E) is its unperturbed (BCS) value. This results in a ladder-like structure of N(E) (see Fig. 4 in [1] ), which penetrates into the energy gap from its edges by steps of the lengths eV and the heights scaled by the transparency parameter
For a diffusive planar junction with thin junction plates, d ∼ ℓ ≪ ξ 0 , where ξ 0 is the coherence length, ℓ is the mean free path, the value of W may greatly exceed the bare transmission coefficient D, and the SGS scaling was found to be similar to the one in the ballistic junction with D eff = 4 W . Similar (but smaller, ∼ ξ 0 /ℓ) enhancement of the effective transmission coefficient has been found earlier for the dc Josephson current in a one-dimensional tunnel junction [33] .
Nonequilibrium in junction leads
The nonequilibrium in the superconducting leads is produced by tunnel injection of excess quasiparticles which then diffuse away from the junction. This effect is generally rather small since the diffusion of nonequilibrium particles is rapid compared to the tunneling rate, that is reflected in smallness of the diffusion resistance r ≪ 1. However, the energy-dependent tunnel resistances ρ k may become anomalously small at some singular points of the product N k N k−1 (which, according to the Fermi golden rule, enhances the tunneling probability) and thus may be comparable with r. In our analysis, related to the case of small r and zero temperatures, we do not need to consider the whole infinite MAR chain; it is enough to keep one or two side resistors r near the gap edge, because the tunnel currents outside the gap rapidly decrease as the distance from the gap edges grows. First we address the role of nonequilibrium in formation of the excess current I exc , i.e., voltage-independent deviation of the total current from the ohmic CVC at large voltage, eV ≫ ∆. In our previous paper, only the contribution I 2 of the two-particle processes to I exc at r = 0 has been evaluated (Eq.(58) in [2] ); however, the net excess current also involves contribution from the single-particle current I 1 described by equation (7) . Taking the functions N(E) in this equation in the next approximation in W by using the improved perturbation theory [2] for the solution of (8) near the singularities of N(E), we found this contribution to be negative (deficit current) and twice larger than the contribution of the two-particle current. As the result, the net CVC demonstrates the deficit current
At finite r, this estimation may change because under certain conditions, this parameter can play the role of the cut-off factor in the tunnel corrections to I 1 . Keeping one side resistor r at both sides of the gap, we obtain
In Eq. (11), we can take N 0 and N 1 in the BCS form,
I
(1)
Evaluation of I 2 is more complicated because N 0 in Eq. (12) is to be calculated inside the energy gap by solving equation (8) within the linear approximation in W ,
or by the nonperturbative expansion of N(E) in the vicinity of the singular point E = ∆ [1] ,
Analysis shows that the simple approximation (14) is applicable when W ≪ r 2 which yields the value smaller than the negative contribution (13) of the singleparticle current. In the opposite case, W ≫ r 2 , the parameter r can be neglected both in I 1 and I 2 , and we return to the value of the excess current (10) calculated at r = 0. From this we conclude that in our model the excess current is always negative (deficit current). Numerical calculation shows that at small enough transparency parameter W , the nonequilibrium in the junction leads noticeably changes not only the excess current but also the overall CVC shape at eV > 2∆ as compared with usual tunnel model formula (7) taken with the BCS density of states, N = N s . As shown in Figure 3 , the jump of the single-particle current at its threshold eV = 2∆ essentially smoothes and acquires a finite slope. We note that the values of the excess current calculated above are reached within the appropriate accuracy only at very large voltages, eV 10 2 ∆; in particular, the "deficit current" in curve 1 (tunnel model result) is actually fictitious and disappears at large enough voltages.
At small enough W , the nonequilibrium in the junction leads also affects multiparticle currents at eV ≤ 2∆, especially in the vicinity of their peaks. For instance, at eV = 2∆, where the 2-particle current reaches a maximum value, one must modify the expression (12) , where the partial current j −1 flowing through the resistor r and anomalously small resistor ρ −1 must be taken into account. This leads to the following relation
Using the approximation (14) for the subgap value of N 0 (E), we finally obtain the result relevant for r ≫ W 4/3 .
The case of the 3-particle current is conceptually similar to the previous one: we have to consider two circuit segments, the subgap segment consisting of the three resistors, ρ −1 , ρ 0 and ρ 1 , and an additional one containing ρ −2 since this resistance becomes anomalously small at eV = ∆. This results in the following equation,
Within the approximation (14) for N and N −1 , we obtain the peak value of I 2 at eV = ∆,
Comparing equations (18) and (20) with the results of [2] , we see that nonequilibrium in the junction leads noticeably suppresses the peaks of the multiparticle currents.
Nonequilibrium and inelastic relaxation inside the gap
As noted above, the quasiparticle distribution function n(E) in the subgap region, |E| < ∆, is far from equilibrium, because the subgap quasiparticles are disconnected from the equilibrium reservoirs. A consistent analysis of such nonequilibrium state requires consideration of inelastic relaxation processes [34] . We will model the inelastic scattering by adding the collision term in τ-approximation to the diffusive kinetic equation derived in [2] ,
where ℓ ε = √ Dτ ε and τ ε are inelastic relaxation length and time, respectively; D + is the energy-dependent dimensionless diffusion coefficient [2] . Thus, in presence of this term, the spectral current j(E) = D + ∇n is not conserved inside the gap.
It is possible to include the relaxation effect into the circuit scheme by the method suggested by Volkov [27] and used in [2] for derivation of the recurrence relation (3). Assuming n(r r r) ≈ const within the junction plates, integrating (21) over the volume of the bottom plate (a similar procedure applies to the top plate) and taking into account that at the distance ξ 0 from the junction, all spectral characteristics approach their BCS values (in particular, D + turns to zero in the subgap region), we obtain the boundary value of the spectral current at the bottom side of the barrier,
where the y axis is perpendicular to the contact plane. Substituting (22) to the boundary condition for the distribution function (equation (20) in [2] ), we obtain the recurrence relation for n(E) at |E k | < ∆,
where the parameter A is usually large, A ≫ 1, for a standard BCS superconductor. In the circuit terms, this equation describes leakage of nonequilibrium quasiparticles from the subgap nodes to the equilibrium source through the resistors r ε . This modifies the equation (4) for the electric current, as well as the expression (5) for the distribution function, because partial currents may flow not only through the tunnel resistors ρ k but also through the leakage resistors r εk ; therefore, as noted above, the subgap partial currents j k are not equal. The magnitude of this effect depends on the ratio between r ε and adjacent tunnel resistors, i.e. between the tunneling and relaxation rates. In what follows, we restrict ourselves for simplicity by the case T = 0, when n F (E) is a step-like function, and neglect the effect of nonequilibrium outside the gap described in the previous section. We start our consideration from the analysis of the two-particle current (obviously, the single-particle current is not affected by the subgap relaxation). Solving the corresponding circuit with the leakage resistor attached to the subgap node k = 0, we obtain the relevant partial currents and the net spectral current j (2) (E),
where
εk are the conductances of the network resistors. As follows from (23), the characteristic magnitude of g ε0 is determined by the parameter A −1 (we remind that at eV > ∆, N(E) ∼ W in the subgap region). Thus, the "inelastic leakage" can be neglected, if g ε0 ≪ g 0,1 ∼ W , i.e., at A W ≫ 1 (weak relaxation). In the opposite case, A W ≪ 1 (strong relaxation), the partial current j 1 is "short-circuited" by the comparatively small leakage resistor r ε0 and therefore j 1 can be neglected as compared to j 0 ≈ g 0 . As the result, the electric current spectral density in the limit of strong relaxation, j 0 + j 1 ≈ 1/ρ 0 , insignificantly differs from its value j 0 + j 1 ≈ 2/(ρ 1 + ρ 0 ) in the collisionless limit because the resistances ρ 0 and ρ 1 are of the same order.
The effect of inelastic collisions is most essential for higher n-particle currents, n > 2. For odd n, the current through the central resistor ρ 0 dominates; other tunnel resistors are shortened by the leakage resistors surrounding ρ 0 . Thus the estimate of the spectral current is 1/ρ 0 , while in the collisionless limit, it has the value n/ρ ∆ (where ρ ∆ ≈ ρ 0 ), i.e. n times larger. For even n, one of two largest central resistors is also shortened, which leads to similar estimate, 1/ρ 0 , for the spectral current. However, in the collisionless limit, the estimate for ρ ∆ ≈ ρ 0 + ρ 1 is 2ρ 0 , i.e. the spectral current is n/2 times larger (note that this estimate is also formally applicable to the 2-particle current).
A more detailed analysis shows that under the condition A W 2 ≪ 1 which is always satisfied for realistic values of the parameter A ∼ 10 2 − 10 3 and W 10 −2 , the inelastic suppression of the 3-and 4-particle currents described above develops only in the strong relaxation regime, A W ≪ 1, while in the opposite limit, A W ≫ 1, the relaxation weakly affects the CVC at eV > ∆/2. This is not the case for higher currents; for n > 4, suppression of the multiparticle currents described above begins in the regime of weak relaxation.
In order to verify these qualitative considerations, we performed numerical calculations of several multiparticle currents in strong and weak relaxation regimes, using (24) and similar full analytical expressions for the spectral densities of 3-and 4-particle currents, The results shown in Figure 4 qualitatively confirm our preliminary estimates: in the case of the strong relaxation, the two-particle current changes weakly and even slightly grows; the 3-particle current noticeably decreases (but smaller than predicted above); the 4-particle current is indeed suppressed by 2 times and even more. The deviations from the qualitative estimates can be explained by the nontrivial energy dependence of the tunnel resistances and enhanced contributions of the vicinities of the singular points, where the simple estimates of ρ k , based on the perturbative formula (14) , may appear to be too rough. Similar considerations can be applied to the analysis of the distribution function n(E). In the absence of inelastic scattering, equation (5) "potentials" at its left (right) edges, as well as at other nodes at the left (right) side of this resistor, are approximately equal to n − (n + ), respectively. From this we conclude that within the energy/voltage interval where the odd-particle current exist, the distribution function is close to the value of the equilibrium Fermi function in the vicinity of the nearest edge of the energy gap. Similar conclusion can be made for even-particle currents, where two central resistors dominate, except the case when the node k = 0 appears between these two resistors; obviously, in such situation, the value of n(E) can be estimated as an average between n ± , i.e. close to 1/2. As the voltage decreases, the size of the dominating resistors in the energy space, ie. the size of the nonequilibrium energy range, |E| eV , gradually shrinks and finally disappears inside the temperature smearing of the quasiparticle distribution; apparently, this process is accelerated by the inelastic relaxation. Using the solutions for partial currents j k and the relation (23), we obtained exact expressions for n(E) in presence of the inelastic relaxation and calculated the shape of the distribution function. The results for different applied voltages are shown in Figure 5 ; for more clarity, we plotted n(E) at low but finite temperature. Panel (a) demonstrates n(E) at the voltages above the threshold of the singleparticle current, eV > 2∆, when the subgap population is formed by the 2-particle processes within the whole subgap region, |E| < ∆. In accordance with the qualitative analysis, at weak relaxation, n(E) is almost constant and close to 0.5 (dashed line); indeed, both subgap conductances, N 0 N 1 and N 0 N −1 , differ only by the factors N ±1 which are the BCS densities of states above the gap. At large enough applied voltage chosen in Figure 5(a) , the difference between them is rather small and leads to minor deviations of n(E) from the constant value. Interestingly, these deviations correspond to a partially inverted population of the subgap region. As eV approaches 2∆, the inversion effect enhances because the difference between the values of N ±1 grows, especially at the edges of the subgap regions, where one of them has a singular point. Such effects are more pronounced in the voltage region ∆ < eV < 2∆, when the subgap population is created by the 2-particle current within the restricted area |E| < eV − ∆, as shown in Figure 5(b) . At the edges of this energy interval, one of the subgap resistors becomes anomalously small (namely, the left resistor at E = eV − ∆ and the right one -at E = ∆ − eV ), which leads to enhancement of the effect of inversion. At larger |E|, the population is determined by the 3-particle current and, in accordance with our estimates, becomes close to the equilibrium distribution. The role of relaxation is obviousto bring the distribution function closer to the equilibrium one, which is illustrated by solid curves in Figure 5 .
Summary
In conclusion, we have analyzed theoretically the influence of the relaxation processes on the nonequilibrium quasiparticle distributions in voltage biased diffusive tunnel junctions fairly distant from massive equilibrium electrodes, when the mesoscopic approach (see, e.g., [35] ), based on averaging of the result for a single ballistic quantum channel over the distribution of junction transparencies in the normal state, is inapplicable. Using the circuit theory approach introduced in our previous papers [1, 2] , we have included the relaxation factors in our circuit scheme as additional resistive elements whose resistances reflect the characteristic times of the inelastic or diffusive relaxation.
As far as the diffusive escape from the junction plates to its leads is relevant only for nonequilibrium quasiparticles with energies outside the gap (the subgap quasiparticles are locked inside the plates), the most prominent effect of the diffusive relaxation appears at eV > 2∆. Namely, while the relaxation intensity decreases, the CVC exhibits crossover from the result of a simple tunnel model, with a sharp jump of the single-particle current at the threshold eV = 2∆, to a smooth voltage dependence with the finite slope and comparatively large deficit current. The multiparticle currents, as well as the subgap distribution function, are most sensitive to inelastic relaxation of the subgap quasiparticles. We discuss the shape of the subgap distribution function which may be inversive within a certain energy/voltage range and found that strong inelastic relaxation significantly reduces the magnitude of the nparticle currents, approximately by n times for odd-, and by n/2 for even-particle ones.
